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We consider the finite temperature Casimir force acting on two parallel plates in
a closed cylinder with the same cross section of arbitrary shape in the presence
of extra dimensions. Dirichlet boundary conditions are imposed on one plate
and fractional Neumann conditions with order between zero (Dirichlet) and
one (Neumann) are imposed on the other plate. Formulas for the Casimir
force show that it is always attractive for Dirichlet boundary conditions, and
is always repulsive when the fractional order is larger than 1/2. For some
fractional orders less than 1/2, the Casimir force can be either attractive or
repulsive depending on the size of the internal manifold and temperature.
Keywords: Finite temperature Casimir effect, Extra dimensions, Fractional
Neumann conditions
1. Introduction
Piston configurations have received considerable interest because they allow
for an unambiguous prediction of Casimir forces.1 The force depends on
the boundary conditions imposed, the cross section of the piston and on
properties of additional Kaluza-Klein dimensions that might be present.2–7
In this contribution we consider the same geometrical setting as in refs.,4,5
but with fractional boundary conditions imposed. This is an extension of
ref.6 to the case where additional dimensions are considered.
June 4, 2018 17:4 WSPC - Proceedings Trim Size: 9in x 6in QFEXT09˙29˙10˙2009
2
2. Finite temperature Casimir effect in spacetimes with
extra dimensions
Consider a massive scalar field ϕ(x) of mass m in the background space-
time M × N , where M is the (d + 1)-dimensional Minkowski spacetime
and N is a compact n-dimensional internal manifold. We want to find the
Casimir force acting between two parallel plates with arbitrary shape in a
cylinder of constant simply connected cross section Ω. To interpolate be-
tween Dirichlet and Neumann boundary conditions, we consider fractional
Neumann conditions
∂η1
∂x1η1
ϕ(x)
∣∣∣∣
x1=0
= 0,
∂η2
∂x1η2
ϕ(x)
∣∣∣∣
x1=a
= 0, η1, η2 ∈ [0, 1],
on the plates. It can be shown that the Casimir force only depends on
the difference η1 − η2. Therefore without loss of generality, we fix Dirichlet
boundary conditions on the left plate and impose fractional Neumann con-
ditions of order η on the right plate. For concreteness, on the walls of the
cylinder Dirichlet boundary conditions are imposed.
Using the piston approach,1 we first consider the Casimir force acting
on a piston moving freely inside a closed cylinder [0, L] × Ω × N , and let
the right end of the cylinder go to infinity, i.e., L→∞. Let x1 = a denotes
the position of the piston. The finite temperature Casimir force acting on
the piston is given by
F pistonCas (a) = −
∂
∂a
{
EcylinderCas (a) + E
cylinder
Cas (L− a)
}
, (1)
where EcylinderCas (a) is the finite temperature Casimir energy inside the closed
cylinder [0, a]× Ω×N ; formally
EcylinderCas (a) =
∞∑
k=−∞
∞∑
j=1
∞∑
l=0
{
1
2
ωk,j,l + T log
(
1− e−ωk,j,l/T
)}
. (2)
The eigenfrequencies of the field ϕ(x) which satisfies Dirichlet boundary
conditions on the plate at x1 = 0 and the wall [0, a] × ∂Ω × N of the
cylinder, and fractional Neumann conditions of order η on the plate at
x1 = a, are given by
ωk,j,l =
√√√√(pi (k − η2)
a
)2
+ ω2Ω,j + ω
2
N ,l +m
2 =
√√√√(pi (k − η2)
a
)2
+m2j,l.
Here, ω2Ω,j , j = 1, 2, . . ., are the eigenvalues for the Laplace operator with
Dirichlet boundary conditions on Ω, ω2N ,l, l = 0, 1, 2, . . ., are the eigenvalues
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of the Laplace operator on Nn, with ω2N ,0 = 0. For generic η ∈ (0, 1), k ∈ Z.
For η = 0 or 1, k ∈ N. In the following we shall assume η ∈ (0, 1); for η = 0
and η = 1 the Casimir force will have to be divided by two.
It is worth mentioning that if one considers a cylinder of length 2a
instead of a and if one imposes twisted boundary conditions
ϕ(x1 = 2a) = e−ipiηϕ(x1 = 0), ϕ′(x1 = 2a) = e−ipiηϕ′(x1 = 0)
for a complex massive scalar field ϕ(x), one obtains the same set of eigen-
frequencies.
Using the zeta regularization method to compute the Casimir energy
(2), we find that
EcylinderCas (a) = Λ0 + aΛ1
− TRe
∞∑
k=1
∑
j,l
∞∑
p=−∞
eipikη
k
exp
(
−2ka
√
m2j,l + (2pipT )
2
)
,
where Λ0 and Λ1 are terms that are independent of a. Λ0 + aΛ1 does not
contribute to the Casimir force (1) acting on the piston, and we find by
taking the limit L → ∞ in (1) that the Casimir force acting between two
parallel plates is
F
‖
Cas(a) = −2TRe
∑
j,l
∞∑
p=−∞
eipiη
√
m2j,l + (2pipT )
2
exp
(
2a
√
m2j,l + (2pipT )
2
)
− eipiη
. (3)
This expression shows that in the high temperature limit, the leading term
of the Casimir force is linear in T given by the sum of the terms with p = 0,
which is usually called the classical term. For the low temperature behavior,
some computations give (we use the notation M2k,p = k
2a2 + (p/(2T ))2)
F
‖
Cas(a) = −
1
pi
∞∑
k=1
∑
j,l
cos (pikη)
{mj,l
ka
K1 (2kamj,l) + 2m
2
j,lK0 (2kamj,l)
}
+
2
pi
∞∑
k=1
∞∑
p=1
∑
j,l
cos(pikη)
mj,l
Mk,p
×
{
K1 (2mj,lMk,p)−
2a2k2mj,l
Mk,p
K2 (2mj,lMk,p)
}
.
The first two terms are the zero temperature Casimir force. The sum of the
last two terms is the thermal correction. It goes to zero exponentially fast
when T → 0.
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For a pair of Dirichlet-Dirichlet plates, i.e., η = 0, (3) (divided by two)
shows that the Casimir force is always attractive (negative). For Dirichlet-
Neumann plates, i.e., η = 1, (3) (divided by two) shows that the Casimir
force is always repulsive. In fact, this is true for all η ≥ 1/2 since the
function
f(u) = −Re
{
eipiη
u− eipiη
}
=
1− u cos(piη)
(u− cos(piη))2 + sin2(piη)
(4)
is positive for η ≥ 1/2 and u ≥ 0. In all these cases the force is enhanced by
the presence of extra dimensions. For η ∈ (0, 1/2), one can show that when
the plate separation is large enough, the Casimir force eventually becomes
attractive.
When the plate separation a is much smaller than the size r =
Vol(Ω)1/(d−1) of the cross section, some computations show that the leading
term of the Casimir force density acting on the plates is
F
‖
Cas(a)
Vol (Ω)
∼ −
4T
2dpi
d
2
∞∑
k=1
∑
l
∞∑
p=−∞
cos(pikη) (5)
×
{
(d− 1)
(√
m2l + (2pipT )
2
ka
) d
2
×K d
2
(
2ka
√
m2l + (2pipT )
2
)
+2
(√
m2l + (2pipT )
2
) d+2
2
(ka)
d−2
2
K d−2
2
(
2ka
√
m2l + (2pipT )
2
)}
,
where ml =
√
ω2N ,l +m
2. In the massless case (m = 0), the sum of the
terms with l = p = 0 should be replaced by
−
(d− 1)T
2d−1pi
d
2
Γ
(
d
2
)
ad1
∞∑
k=1
cos(pikη)
kd
.
A form of (5) more suitable to study the low temperature behavior is
F
‖
Cas(a)
Vol (Ω)
∼
2
2dpi
d1+1
2
∞∑
k=1
∞∑
p=−∞
∑
l
cos(pikη)
(
ml
Mk,p
) d+1
2
×
{
K d+1
2
(2mlMk,p)−
2k2a2ml
Mk,p
K d+3
2
(2mlMk,p)
}
.
(6)
When m = 0, the sum of the terms with l = 0 in (6) should be replaced by
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−
d
2dpi
d+1
2
Γ
(
d+1
2
)
ad+1
∞∑
k=1
cos(pikη)
kd+1
−
2Γ
(
d+1
2
)
ζR(d+ 1)
pi
d+1
2
T d+1
+
pi
2
d−2
2
T
d−2
2
a3
∞∑
k=−∞
∞∑
p=1
(
k −
η
2
)2( |k − η2 |
pa
) d−2
2
K d−2
2
(
pip
(
|k − η2 |
)
aT
)
.
One can show that when am ≪ 1, the massive correction to the Casimir
force is of order (am)2 log(am)2. Therefore, (5) and (6) show that when
am ≪ 1 and R ≪ a ≪ r, where R = Vol(N )1/n is the size of the internal
manifold, the nature of the Casimir force is determined by the sign of
−
∞∑
k=1
cos(pikη)
kq
= −Bq(η), 0 ≤ η ≤ 1,
with q = d if aT ≫ 1 and q = d + 1 if aT ≪ 1. For any q, the function
Bq(η), η ∈ [0, 1] is a monotonically decreasing function and it has a unique
zero ηq in [0, 1]. One can show that 1/3 = η1 < η2 < . . . < 1/2. Therefore,
we find that when R ≪ a ≪ r, for ηd < η < ηd+1, the Casimir force can
change from attractive to repulsive when one increases the temperature. On
the other hand, when the plate separation a becomes much smaller than the
size of the internal manifold, then the internal manifold should be treated
in the same way as the large cross section. In this case, we find that the sign
of the Casimir force is determined by −Bq(η) with q = d+n if aT ≫ 1 and
with q = d + n + 1 if aT ≪ 1. Again, we see that decreasing the distance
between the plates such that it is much smaller than the size of the internal
manifold can change the Casimir force from repulsive to attractive for some
values of η.
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